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FREE GROUP ALGEBRAS IN MALCEV-NEUMANN SKEW 
FIELDS OF FRACTIONS 

JAVIER SANCHEZ 



Abstract. Let K he a, skew field and (G, <) an ordered group. We show that 
the skew field generated by the group ring K[G] inside the Maleev-Neumann 
series ring K{{G; <)) contains noncominutative free group algebras. 



^ ■ Introduction 

(N 



There are two conjectures on the existence of free objects in skew fields that have 

attracted much attention. The first one was made by A. Lichtman [20] : 

(G) If a skew field D is not commutative (i.e. not a field), then D \ {0} contains a 

noncyclic free group. 

An affirmative answer has been given when the center of D is uncountable [S] 

and when D is finite-dimensional over its center |13) . The second conjecture was 

^ ■ formulated in [27l : 

-4— > . 
Cd . (A) Let D he a, skew field with center Z. If D is finitely generated as skew field 

over Z, then D contains a noncommutative free Z-algebra. 

Some important results have been obtained in [21], [33], [3T], [5] and other papers. 

In many examples in which conjecture (A) holds, D in fact contains a noncommu- 

^ ■ tative free group Z-algebra [10] . For example, this always happens if the center of 

On i D is uncountable [16j. Therefore it makes sense to consider the following unifying 

CN ■ conjecture: 

P^ , (GA) Let £> be a skew field with center Z. If D is finitely generated as a skew field 

over Z and D is infinite dimensional over Z, then D contains a noncommu- 
tative free group Z-algebra. 
For more details on these and related conjectures the reader is referred to [15] . 

We deal with conjectures (A) and (GA) for an important class of skew fields 
obtained from a skew field K and an ordered group (G, <), i.e. G is a group and 

k>( \ < is a total order in G such that the relation x < y implies that zx < zy and 

^ ■ xz < yz for all x,y,z G G. The Maleev-Neumann series ring K{{G\ <)) is defined 

5^ \ to be the set of all formal series / — X^xeG^'^^;' "^ith Ux (z K, whose support is a 

well-ordered subset of (G, <) where supp(/) = {x & G \ Ux j^ 0}. The operations 
of K and G, together with the relations ax = xa, for all a (£ K and a; G G, induce 
a multiplication in K{{G;<)). With this product and componentwise addition, 
K{{G;<)) is a skew field [35], [IH]- Clearly K{{G;<)) contains the group ring 
K[G]. We denote by K{G) the skew subfield of K{{G] <)) generated by K[G]. It 
was proved in [6] that K{G) is infinite dimensional over its center when G is not 
commutative. 
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2 J. SANCHEZ 

Our main result is Theorem [51 It states that if (G, <) is not commutative, then 
K{G) satisfies conjecture (GA). As a consequence one obtains that any skew field 
generated by a group ring K[G\ with G a noncommutative orderable group and K 
a skew field satisfies conjecture (A), see Corollary [141 We remark that our methods 
exhibit the generators of the free group algebra when the order of the group is well 
known. 

Although K{G) does not depend on the structure of the ordered group (G, <) 
[T7] . our proof of the main result strongly depends on it. Our proof also needs of 
richer structures than group rings and the Malcev-Neumann series rings already 
defined, namely crossed products and the Malcev-Neumann series they determine. 
These and related concepts are reviewed in the first section. 

Section [5] deals with results that will be used to reduce the problem of finding 
free group algebras inside skew fields. The first one is a generalization of the fact 
that finding free (group) algebras over the prime subfield equivalent to finding free 
(group) algebras over any central subfield [5^1 Lemma 1] . The second one states that 
if our orderable group G contains a free monoid, then K{G) contains a free group 
algebra. We also give some results describing the behavior of Malcev-Neumann 
series rings that will be used later. They may be well known, but we provide a 
proof because we find them of independent interest and we have not found them in 
the literature. 

The core of the paper is Section [S] Here we give a proof of our main result. It 
is divided in three subsections according to what type of ordered group (G, <) is. 
The proof for ordered groups of type 1 consists in showing that the problem can be 
reduced to torsion- free nilpotent groups. For these groups the result was proved in 
[lOj . For ordered groups of type 2 and 3, we are able to find free monoids inside G. 

In Section [4] we give some consequences from the main result and the methods 
we have developed for its proof. 

1. Preliminaries 

In this section we present the concepts and notation that will be used throughout 
the paper. 

A skew field is a nonzero associative ring with identity element and such that 
every nonzero element has an inverse. 

If i? is a ring, a skew field of fractions of i? is a skew field D together with a ring 
embedding R^^ D such that D is generated as a skew field by (the image of) R. 

1.1. Ordered groups. We recall standard material on ordered groups. For further 
details the reader is referred to any monograph on the subject such as lIJJ. We will 
sometimes use the results reviewed here without any further reference. 

A group G is orderable if there exists a total order < of G such that, for all 
x,y,z e G, 

X < y implies that zx < zy and xz < yz. (1-1) 

In this event we say that (G, <) is an ordered group. 

Let (G, <) be an ordered group. A subgroup H oi G is convex if for any x, z G H 
and y E G, the inequalities x < y < z imply that y G H. If a convex subgroup N 
is normal in G, then G/N can be ordered in a natural way: given x,y E G such 
that xN 7^ yN, define xN -< yN ii x < y. Moreover there is a natural bijection 
between the convex subgroups of (G, <) that contain N and the convex subgroups 
of(G/iV,^). 

An element a; 6 G is positive if 1 < x. 

The ordered group (G, <) is archimedean if for any positive elements x,y € G 
there is a natural number n such that x < y"', equivalently, (G, <) has no other 
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convex subgroups other than {1} and G. An archimedean group is order isomorphic 
to a subgroup of the additive group of the real numbers with the natural order. 

If A, B are subgroups of the additive group of the real numbers with the natural 
order and Lp: A ^ B is a, morphism of ordered groups (i.e. a morphism of groups 
such that X < y implies ip{x) < (p{y)), then there exists a real number r > such 
that ip{x) = rx for all x € A. 

The set F of convex subgroups of (G, <) satisfies the following properties: 

— r is a chain with respect to inclusion, that is, if if i, if 2 G F, then either Hi C H2 
or H2 C Hi. 

— The arbitrary union and intersection of elements in F belongs to F 

— F is infrainvariant, that is, xHx~^ G F for each H gT and x € G. 

We say that a pair (TV, H) is a convex jump if iV, ii G F, A^ ^ ii and no subgroup 
in F lies properly between N and H. It is known that N <i H ioi any convex jump 
(A'', H). Hence H/N is order isomorphic to a subgroup of the additive group of the 
reals with the natural order. 

Let x € G. The convex jump determined by x is the convex jump {Nx,Hx), 
where A^^, is the union of all convex subgroups of (G, <) that do not contain x, and 
Hx is the intersection of all convex subgroups of (G, <) that contain x. 

1.2. Crossed product group rings. The following definitions and comments are 
from [2ni Chapter 1]. 

Let i? be a ring and let G be a group. A crossed product of G over R is an 
associative ring R[G; a, r] which contains R and has as an i?-basis the set G, a copy 
of G. Thus each element of i?[G; a, r] is uniquely expressed as a finite sum Ti^^Gxr^ , 
with rx e R- Addition is componentwise and multiplication is determined by the 
two rules below. For x, y G G we have a twisting 

xy = xy'rix, y) 

where t: G x G ^ U{R), the group of units of R. Furthermore for x G G and 
r G i? we have an action 

rx = xr"^'^^ 

where a: G ^ Aut(i?) and r'^^^^ denotes the image of r by a{x). 

li d: G — !> U{R) assigns to each element a; G G a unit d^ of R, then G = 
{x = xdx I X G G} is another i?-basis for R[G;a,T]. Moreover there exist maps 
a': G ^ Aut{R) and r': G x G -!■ U{R) such that R[G]cr,T] = R[G;a',T']. We 
call this a diagonal change of basis. Via a diagonal change of basis if necessary, we 
will assume that Ijjrg.^^i = 1. The embedding of R into R[G;a,T] is then given 
by r (-> rl. Note that G acts on both i?[G; cr, r] and R by conjugation and that for 
X G G, r G i? we have x~^rx = r"'^^\ 

If there is no action or twisting, that is, if a{x) is the identity and t(x, y) = 1 
for all x,y (z G, then R[G] a, r] = R[G] is the usual group ring. 

UN is a subgroup of G, the crossed product i?[A; cr|jv, TiArxAf] embeds in R[G; cr,T], 
and we will denote it as i?[A^; a, r]. 

Suppose that A^ is a normal subgroup of G and let S = R[N;a-,T]. Then 
R[G; cr, t] can be seen as a crossed product of G/N over S. More precisely R[G; cr, r] = 
S[G/N; a, f], where G/N, a and f are defined as follows. 

For each 1 ^ a G G/N, let x^ G G be a fixed representative of the class a. For the 
class 1 G G/N choose xi = 1 G G. Set a = Xa for all a G G/N. Then G = IjaA. 
Define G/N = {a | a g G/N} C G. This shows that R[G; cr, r] == aS. Therefore 
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GjN is an S-basis for R[G] a, r]. Moreover, we have the maps: 

a: G/N—> Aut(S') 

a I — > (7{a): S — > S 

y — > x-^yxa 

f: G/NxG/N^U{S) 

{a,l3) I — > f{a,l3) == napT{xap,napy^T{xa,xij) 

where Uap is the unique element in N such that XapUap = XaXjs. Then ( ^ nr„)Q; = 

neiv 

a{ ^ nrnY and a/3 = Q;/3f(Q!,/3), as desired. 

Notice that the assumption [xi = 1) imphes that S embeds in R[G\ a, r] via 
nr n- 1 ■ fir. 

1.3. Malcev-Neumann series rings. Let _R be a ring, and let (G, <) be an or- 
dered group. Form a crossed product R[G\(j,t\. We define a new ring, denoted 
R{{G] a, T, <)) and called Malcev-Neumann series ring, in which R[G; a, r] embeds. 
As a set 

R{{G] a, r, <)) — i f ^ \J xux \ a^ ^ R, supp(/) is well ordered >, 
xeG 

where supp(/) = {x £ G \ Ux j^ 0}. 

The addition and product are defined extending the ones in R[G;a,T]. Thus, 
given f = Yl ^^x ^^'^ 9 ^ Yl ^^x in R{{G; ct, t, <)), the sum is defined by 



x£G xeG 



/ + .9 = ^ x{ax + bx 



^x ji 
x£G 



and multiplication by 



/■9 = E^(E^(y'^)<'^^-)- 

xeG yz=x 

When the crossed product is a group ring R[G], its Malcev-Neumann series ring 
will be denoted_by R{{G; <)). 

Let / G -R((G; cr, r, <)) and xq — min supp /. If the coefficient of a;o is an invert- 
ible element of R, then / is invertible. Hence, if _R is a skew field, then R{{G; a,T,<)) 
is a skew field [l^, ^. 

If X is a skew field, the skew field of fractions oi K[G; a, t] inside K{{G;a,T,<)) 
will be called the Malcev-Neumann skew field of fractions of K[G; cr, t] and denoted 
by K{G;a;T). It is important to observe the following. For a subgroup H of 
G, K{{H;a,T)) and K{H;a,T) can be seen as skew subfields of K{{G;(t,t)) and 
K{G;a,T), respectively, in the natural way. In the case of the group ring iir[G], 
the Malcev-Neumann skew field of fractions is denoted by K{G). We remark that 
K{G] a, t) does not depend on the order < of G, see [T7] . 

2. Technical results 

This section is devoted to prove some results that will be used to prove our main 
result, but they are interesting in themselves too. 

The next lemma is a generalization of known results that we will obtain as a 
corollary. It reduces the problem of finding free (group) algebras over the center 
of a skew field. The proof is very similar to the one of the original result [26l 
Lemma 1]. 

We recall that a monoid is orderable if there exists a total order that satisfies 
condition (|l.ip . Hence ordered groups are ordered monoids. 
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Lemma 1. Let R he a ring with prime subring P (i.e. generated by 1). Let M 
be a submonoid of U{R) and let C he a subring of R. Suppose that the following 
conditions hold true 

(1) The algebra generated by P and M is the monoid algebra P[M]. 

(2) For each c ^ C and f e P[Af], the equality cf = implies that c — or f — 0. 

(3) The elements of M commute with the elements of C . 

(4) M is an orderable monoid. 

(5) M embeds in some group H such that H{M), the subgroup of H generated by 
M , has trivial center. 

Then the subring of R generated by C and M is the monoid ring C[M]. 

Proof. Consider the multiplication map fj,: C ®p P[M] — >■ R. By (3), to prove that 
C[M] is contained in i?, it is enough to show that ^ is an injective map. 

Suppose that M(X]r=i ^"i- ® /«) ~ ^"=1 '^«/* ~ ^^ where n is the minimal number 
of nonzero summands. If n = 1, then ci/i =0 implies that ci ® fi — Q because 
of (2). If n > 1, let g G P[M] be arbitrary. By (3), the elements of C and P[M] 
commute. Hence Ai(X]"=2 '^i ® ifigfi ~ fi9fi)) = 0- Since this element of the kernel 
has n ~ 1 summands we must have 

hgh = h9h, i e {i, . . . ,n}, .9 e p[M]. (2.1) 

Fix an ordering < of the monoid M such that (Af, <) is an ordered monoid. 
Let fio,go be the greatest elements of supp/i and suppg respectively. Then (|2.ip 
implies that 

ftomfio = fwmfiQ, i e {1, . . . , n}, me M. (2.2) 

Now we look at (12. 2p as an equality in H{M). Letting m = 1, fi^fm = fiofiQ 
for i G {!,..., n}. This and (12. 2p tells us that fi^fio is in the center of H{M) for 
i € {1, . . . , n}. Hence /lo = fio for i G {1, . . . , n} because H{M) has trivial center. 
Therefore, for some mi € P, the greatest element in supp(/i — ruifi) is smaller than 
fio, but we still have (/^ - mji)gfi = fig{fi - Wi/i) for each g and « = 1, . . . , n. 
Thus fi — m.ifi for each i and Y^^=i (^i ® fi — (J27=i Cj"^i) (^ /i reducing to the 
case of n = 1. This shows that ker/i = 0. D 

Suppose that i? is a domain (a ring without zero divisors), that C is a central 
subfield of R, and that M is either the free group or the free monoid. The free group 
is known to be orderable, see for example |12j . Hence all conditions in Lemma [1] 
are satisfied. Thus we obtain Lemma[2] It is [26l Lemma 1] and [16, Lemma 2.1]. 

Lemma 2. Let R be a domain with prime subfield P. Let C be any central subfield 
of R. Let M be a free submonoid (subgroup) ofU{R). Then the algebra generated 
by P and M is the monoid (group) algebra P[M] if and only if the algebra generated 
by C and M is the monoid (group) algebra C[M]. D 

Our next result shows that there is a free group algebra inside the Malcev- 
Neumann skew field of fractions provided there is a free monoid inside the ordered 
group. 

Let X = {xi}i^i be a set, M the free monoid on X and H the free group on X. 
If i? is a ring, R{{X)) = {J2weM ^"""^ \ r^, e R for all w G M} is a ring with the 
natural sum and the product induced from the operations of R and M, together 
with the relations rw — wr, for all r G i? and w G M. It has been proved in 
[U Section 2] that the group ring R[H] embeds in the power series ring via the 
morphism of i?-rings T: R[H] -^ R{{X)) determined by T(xi) = 1 + Xi for all 
i E L For the case of i? = Z this result was proved in [TTJ Theorem 4.3] and as 
noted in [T], the same proof of Fox works also with any ring R. 
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Lemma 3. Let {G, <) he an ordered group. Let X he a suhset of G consisting of 
positive elements and such that X is the hasis of a noncommutative free suhmonoid 
of G. Let K he a skew field and K[G;a,T] a crossed product. Then K{G;a,T) 
contains a noncommutative free group algehra over its center Z . More precisely, 
{1 + x \ X (z X} is a hasis of a free group H , and the free group algehra Z[H] embeds 
in K{G\ <T, t). 

Proof. Let P be the prime subfield of K . For any finite subset Y of X , let My 
denote the free submonoid of G generated by Y. Note that (1 — (X^^eY^))^^ ~ 
Yjw&My '^^■^ ^ K{{G] cr, T, <)) where C,^ (^ K\ {0} for each w G My- Hence My 
is a well-ordered subset of G. Moreover, it is easy to prove by induction on the 
lengths that wi(^wi_W2C,w2 = wiW2QwiW2 for all wi, W2 G My. Thus Y is the basis of 
a free monoid. The elements of P commute with the elements of {wC,w \ w G iV}, we 
obtain that the power series rings P{{Y)) embeds in K{{G; a, r, <)) via the natural 
morphism of P-algebras defined by x i-^ x, x & Y. If we set Hy to be the free group 
on Y, then P[Hy] embeds in K{{G; a, r, <)) via x *-^ 1 + x, x £Y. Observe that 
1 + S <E K{G;a,T), and therefore P[Hy] embeds in K{G;a,T). Since this can be 
done for any finite set Y of X, we obtain that in fact P[H] embeds in K{G; a, r). 
By Lemma [21 the free group algebra Z[H] embeds in K{G; u, r). D 

We note that K could be any ring and Z the centralizer of {a; | x £ X} in 
Lemma |3] 

We say that a group G is Ore emheddahle if the ring K[G; a, r] is an Ore domain 
for each skew field K and crossed product K[G; a, r]. Examples of Ore embeddable 
groups are torsion-free abelian groups and torsion-free nilpotent groups. 

Lemma 4. Let R be a ring with a skew field of fractions l: R '-^ F. Let G be 
a group. Consider a crossed product R[G;a,T]. Suppose that the automorphism 
cr(x) G Aut(i?) extends to a (unique) automorphism <;{x) G Aut(_F) for each a; G G. 
Then 

k: R[G;a,T] ^ F[G;c^,t] 

by extension of scalar s, that is, n^ji = l and k{x) — x. 

If, moreover, R is an Ore domain, and G is an Ore embeddable group, then 
R[G]a,T\ is an Ore domain with the same Ore skew field of fractions as F[G\c,,t\. 

Proof. First of all we construct F[G\<,,t\. Consider a free F-module T with basis 
G, a copy of G. Then each element of T is a finite sum of the form X^xsG^'*^' 
where Ox € F for each a; G G. Define the product map J| : T x T ^ T by 

x£G x£G x£G yz=x 

Notice that k defines a right i?-module embedding of R[G; a, r] inside T. Moreover, 
Yl restricted to (the image of) i?[G;cr, r] is the product in i?[G;cr, r]. Now, since i 
is an epimorphism of rings [71 Proposition 4.1.1], the conditions of [301 Lemma 1.1] 
are satisfied for <; and r. This shows that T is a ring with product defined by the 
map Yl, and T = F[G;<;,t]. Then clearly R[G;a,T] embeds in F[G;<j,t] via k, as 
desired. 

Suppose that R is an Ore domain. By the universal property of Ore domains, 
any automorphism of R can be extended to its Ore field of fractions F. Since G 
is Ore embeddable, F[G;(;,t] has an Ore skew field of fractions. Hence R[G;a,T] 
embeds in Qci{F[G;<;,t]), the Ore skew field of fractions of F[G;<j,t]. A classical 
argument shows that the elements of Qci{F[G;<;,t]) are of the form g^^f (fg^^) 
for certain f,g G R[G;a,T] (see for example [T^l Theorem 10.28]). D 
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Following 8 , let / be a set. Suppose that there is a map / -^ R{{G;a,T,<)), 
given by i H> /i = X]xeG^'^«a^' such that the following two conditions hold: 

(1) U supp(/i) is well ordered, 

iei 

(2) for each x E G the set {i e / | a; G supp(/i)} is finite. 

Then we say that ^^^j fi is defined in i?((G; cr, r, <)). In this situation '^^^j fi 
will be used to denote X]a;eG^( X^-riixeau t^^^^]- Note that ^^^^j fi is then an 
element of R{{G; a, r, <)). 

Let /, J be sets, and let X) /«' J2 9i' J2 ^i be defined in R{{G; a, r, <)). As can 
is/ is/ jeJ 
be seen in [5], the following hold true: 



(i) For any a £ R, Y^ fia is defined in R{{G; cr, r, <)) and equals I "^ fi ]a. 

(ii) Y. ifi + 9i} is defined in R{{G- a, r, <)) and equals Y. fi+J29i- 
iei _ iei iei 

(iii) J2 ifi^j) is defined in R{{G; a, r, <)) and equals {J2 fi){ J2 '*i)- 
(i,j)£ixj iGi je.J 

Now we use this to prove that Malcev-Neumann series ring behave very much 

like crossed products. 

Proposition 5. Let K be a skew field and (G, <) an ordered group. Consider a 
crossed product K[G] cr, t] and its Malcev-Neumann series ring K{{G; a, r, <)). Let 
N be a normal subgroup of G. The following statements hold true. 

(I) The crossed product structure of K[G;a,T] = K[N;a,T][G/N;a,f] extends to 
K{N;a,T)[G/N;a,f], and to K{{N;a,T,<))[G/N;a,f] in the natural way. 
Therefore 



K[N;a,T][G/N;a,f] -^ K{N;a,T)[G/N;d,f] 

^ K{{N-a,T,<))[G/N;d,T] 

^ KiiN;a,T,<MGjN-a,T,^)). 

(2) // the group G/N is Ore embeddable, then K{G; cr, r) is the Ore field of fractions 
ofK{N;a,T)[G/N;a,f]. 

(3) Lf N is a convex normal subgroup of G, then moreover 

(i) K{{G- a, T, <)) = K{{N- a^T^mC/N- a, f , <)). 

(ii) K{G;a,T) = K{N;a,T){G/N;a,f), that is, K{G;(j,t) is the Malcev- 
Neumann skew field of fractions of K{N;a,T)[G/N;a,f]. 

Proof. Fix a transversal {xa \ a £ G/N} oi N in G with xi = 1. Set a = Xa 
for each a G G/N. Set S = KI[G]a,T]. Consider the structure of K.[G]a,T] as a 
crossed product S[G/N]a,T\ as in Section [TT2] 

Given a € G/N, d-{a): S ^ S is defined by y M> x'^^yxa- It can be clearly 
extended to an automorphism of K{{N;a,T,<)). We now prove that (T{a) can 
also be extended to an automorphism of K{N; a, r). First note that K{N; a, r) = 
Ui>o5'i where Sq = S, and for i > 0, 5^+1 is the subring generated by Si and 
the inverses of the nonzero elements of 5^. Of course a- (a) gives an isomorphism 
of Sq. Suppose that i is such that (T(a) gives an isomorphism of Si. Now notice 
that if / G S'i \ {0}, x-^f-^Xc, = (x-^fxa)'^ G S^+l. Hence a{a){S^+i) C S^+i, 
and clearly it is injective. Also /^^ = x^^{xaf^'^x'^^)xa = a;^^(a-(a)^^(/))"^x„ G 
S'i+i. Therefore, fT(a) can be seen as an isomorphism oi K(N; a, r). We will denote 
these extensions of a{a) again as (j{a) 

Note that the elements of the set {a | a G G/N} are linearly independent over 

K{{N; a, r, <)), and hence over K{N; a, r). 
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Let A = J2aeG/N /"" ^^d B = Y^aea/N 9aa be defined in K{{G; cr, r, <)) where 
/a,ffa G K{{N;a,T,<)) (or /„,5„ G ^(TV; cr, r)) for all a G G/iV. Then, by the 
discussion previous to the statement of Proposition [5l 

A + B= J2 «(/a+5a), A-B= J2 a( 5] f(/3,7)/|('^)g^). (2.3) 

a£G/N aeG/N fii=a 

Observe that if the sets suppg. /jy A = {a\ fa ^ Q} and suppj^ /j^ B = {a \ Qa ^ 
0} are finite, then A and B are always defined in K{{G;aTT, <)). Therefore (1) is 
proved. 

To prove (2), note that K{G] a, r) is the skew subfield of K{{G; a^ r, <)) gener- 
ated by iS'[G/7V; ct, f]. The skew field K{G\ a, t) clearly contains K{N; a, r) and the 
set {a I a G G/N}, thus it contains K{N;a,T)[G/N;a,f], and hence K{G;a,T) 
contains the Ore field of fractions of K{N;(T,T)[G/N;a,f]. On the other hand, 
K{N; a, r) [G/N; d, t] contains S[G/N] ct, t] = K[G] a, r] . 

Now we prove (3)(i). For each x E G there exist unique a G G/N and Ua G N 
such that X — Xan. 

Let / — X^xGG^"^ ^ K{{G;(T,T, <)) where ax G K for each x £ G. For each 
a; G G, xux — an(na for some Cna £ K. For each a G G/N, let /„ = X^new ^Craa- 
Then /„ G K{{N; a, r, <)). Otherwise if rii > n2 > • ■ • > "-r > • • • is a strictly 
descending chain of elements in supp/a, then Xant G supp/, and Xani > Xan2 > 
■ ■ ■ > XaUr > • • • , a contradiction. Also, the set {a G G/N \ f^ ^ 0} is well 
ordered. Otherwise, if ai > a2 > • ■ • > a^ > • • • , there is Xi = XQ.rii G supp/. 
Then, by the convexity oi N , gi > g2 > ■ ■ ■ > gr > ■ ■ ■ , ^ contradiction. 

Hence J2aeG/N ^/" i^ defined in K{{G; a, r, <)) and equals /. 

On the other hand, given a well ordered set A C G/N, and series /„ — J2neN "-Cna 
K{{N;a,T,<)) for each a G A. Then it is not very difficult to see that the series 
EaGA "/a is defined in K{{G; a, r, <)). Therefore K{{G; a, r, <)) = K{{N; a, t, < 
)){{G/N; a, f, ^)) as sets. But (|2.3p shows that they are equal as rings. 

To show (3)(ii) proceed as in the proof of (2). D 

We remark that Proposition [Sj3)(ii) is an important particular case of [IH], but 
the proof here is much easier. 

3. Main result 

The next theorem is the main result of the paper. This section is devoted to 
prove it. 

Theorem 6. Let (G, <) be a noncommutative ordered group. Let K be a skew field, 
and let K[G] be the group ring over K . Then K{G) contains noncommutative free 
group algebras over its center. 

The proof of Theorem [S] is divided in three parts, depending on which kind of 
ordered group (G, <) is. We will single out three types of ordered groups. 

Type 1: Every convex jump in (G, <) is central, that is, [H, G] C A^ for all convex 

jumps iN,H) of (G,<). 
Type 2: Every convex subgroup of (G, <) is normal in G, but there exists a convex 

jump {N, H) which is not central, that is, [H, G] ^ N. 
Type 3: There exists a convex subgroup of (G, <) which is not normal in G. 

We note that any ordered group (G, <) falls into one (and only one) of these three 
types of ordered groups. This is because if (G, <) is of type 1, then every convex 
subgroup is normal in G as noted in 3, p. 226]. Indeed, let f/ be a convex subgroup 
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of (G, <), u E U and x G G. Consider the convex jump (iV„,i?„) determined by u. 
Then Nu C Hu C C/, and x^^ux — u[u, x] eU since [if„, G] C A^„ by hypothesis. 

On the other hand it may happen that there exist two total orders <i, <2 of 
an orderable group G such that (G, <i) and (G, <2) are ordered groups of different 
types. 

3.1. Ordered groups of Type 1. The foUowing are sufficient conditions to ex- 
tend nrorphisms of rings ip: Ri -^ R2 and morphisms of groups 77 : Gi — > G2 to 
morphisms of rings $: i?i[Gi; cri, n] -^ i?2[G2; cr2, T2] and $: i?i((Gi; cri, ri, <)) -^ 

-R2((G2;(T2,T2,<)). 

Lemma 7. Let (p: Ri ^>- R2 be a morphism of rings, and 77 : Gi — > G2 a morphism 
of groups. Consider crossed product group rings i?i[Gi; cri, ti] and -R2[G2; cr2, T2]. 
Suppose that 

^(r^^i^)) = ^{ry^M'')) , (3.1) 

'fiinix, yj) = T2{r]{x),i]{y)). (3.2) 

Then the following hold true 
(1) The map <&: i?i[Gi; cri, ti] -^ i?2[G2; (72, ^2], defined by 

'( X! ^"^) = Yl '^i^)V'iax), (3.3) 



kSGi x£Gi 



is a morphism of rings. 
(2) //, moreover, (Gi, <i), (G2, <2) «re ordered groups andrj: Gi ^> G2 is an injec- 
tive morphism of ordered groups. Then^: i?i((Gi; cri, ri, <i)) — 5- i?2((G2; cr2, ■'■2, <2 
)), i/ie natural extension of ^ in (1), defined by 

$( ^ Sa^,) = ^ ^ip{a^), (3.4) 

xGGi 2;eGi 

js a morphism of rings. 

Proof. The map $ in (2) is well defined because rj is an injective morphism of 
ordered groups. Now the same proof works for (1) and (2). By definition, $(1) = 

$(1)=^=1 = 1. LetX;a;eGi*«^' ExGGi^^^ e^i((<5i;cri,n,<i))- Then 

xGGi xGGi xSGi yz=x 

= E ^( E r2(r7(y),77(z))^(a,)-^(''(^))^(6,) 

E ^('^)<^(«^)) ( E '?(2^)<^(^^) 

xeGi xeGi 

= i>( ^ xa^rj^i^ Y^ xb^y 

x£Gi xeGi 

Analogously, it can be seen that $ is additive. D 

The trivial situation where the crossed products i?i[Gi; cti, ri] and -R2[G2; 0-2, ^2] 
are group rings is well known: for any morphism of rings (p: Ri — ^ i?2 and any 
morphism of groups "q: Gi -> G2 conditions p.ip and p.2p are satisfied because 
CTi, (72 and Ti, T2 are trivial. 
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Although, as pointed out in [331 P- 674], the proof of j9, Proposition 3.1] is not 
correct, some minor changes give Example [51 It sets the situation where we will 
use Lemma [3 and it also fixes the notation that will be used in what follows. 

Example 8. Let G be a group with a normal subgroup N. Let K he a skew field. 
As in Section [TT31 we look at the group ring K[G] as a crossed product S[G/N; tr, f] 
where S — K[N]. Fix a transversal {xa \ ol G G/N] of TV in G with xi = 1. In 
our situation the maps a and f are defined as follows. For each a G G/N, a{a) is 
given by x~^rxa for all r € S; for each a, /3 e G/N, f(a, /3) — riap where Uajs is 
the unique element in N such that Xafjna/) = XaXp. 

Let i?i = S", i?2 == K, Gi = G2 = G/N, rj: G/N -J> G/N be the identity, 
and ip: S ^ K the augmentation map. Then there exists a morphism $: K[G] = 
S[G/N;a,f] -^ K[G/N] extending ip and 77. Indeed, 

(^(f(a,^)) = ip{nafj) = 1 = T2{T]a,r](3), 

for all a, /3 G G/A^ and r £ S. Thus conditions p.ip and p.2p are satisfied. 

Suppose moreover that N is such that G/N is orderable. If {G/N, -<) is an 
ordered group, then <i> can be extended to $: S{{G/N;a,T,'<)) -^ K{{G/N;^)) 
by Lemma [71J2). 

Given a series A — X^aec/A' '^'^" ^ ^{{G/N; -<)), we define the (700(i preimage 
A oi Ahy ^ as 

A= Y. aao,^S{{G/N;d,f,^)). 

a£G/N 



Note that if A is invertible in K{{G/N; ^)), then A is invertible in S{{G/N; a, f, ^)) 
because «„„ e AT is invertible in S, where uq = minsuppA = minsupp A. 

Let P be a central subfield of AT. Then it is a central subfield of K((G/N; -<)) and 
S{(G/N; a, T, -<)). Let / be a set, and Aj, Bi e K{{G/N; ^)) \ {0} for each i G /. 
Suppose that {AiB~^}i^i generate a free group algebra over P inside K{{G/N; -<)). 
Let {Ai, Bi}i^i be the set of good preimages of {Ai, Bi}i^i. For each i G /, AiB~^ 
is an invertible element of S{{G/N;a,f ,-<)). Then {AiB^^juzi generate a free 
group algebra over P inside S{{G/N; a, f, -()) because of the following reasons: $ 
is a morphism of rings such that ^{AiB^^) = AiB^^ for all i G /, the series MB"^ 
is invertible in S{{G/N;a,f,^)) for all i € I, <I>(a) — a for all a G P, and the 
elements of P commute with the elements of {AiB~^}i^i. D 

Proposition 9. Let (G, <) be an ordered group with a normal subgroup N such that 
G/N is a noncommutative torsion-free nilpotent group. Let K be a skew field with 
prime subfield P. Consider the group ring K[G] and the Malcev- Neumann series 
ring K{{G; <)). Then K{G) contains a noncommutative free group P-algebra. 

Proof. Recall that if _ff is a nilpotent group and L a skew field then any crossed 
product L[H;a,T\ is an Ore domain. We denote its Ore skew field of fractions 
by Q ci{L[H ', (J , t\) . Thus Q ci{L[H ; a , t\) embeds in any skew field that contains 

L[H-a,T]. 

Set S = K[N]. As in ExampleHl A'[G] = S[G/N-a,f]. By Proposition [SIl), 



S[G/N;d,T] ^ K{N)[G/N;d,T]. Moreover, A'(G) is the Ore field of fractions of 
K{N)[G/N;d,T] by Proposition [5i;2). 

Fix an order ^ on G/N such that {G/N, ^) is an ordered group. The foregoing 
embedding can be extended to S{{G/N;a,T, -<)) ^^ K{N){{G/N;a,f, -<)). Hence 
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we obtain the following commutative diagram of ring embeddings 



S[G/N; a, 




K{N)[G/N-d,- 



K{G) 



S{{G/N-d,f,<))'- 




(3.5) 



if(7V)((G/7V;a,f,^)) 



By [TOl Corollary 2.1], Qci{P[G/N]) contains a noncommutative free group P- 
algebra. Since P[G/N] is a subring of K[G/N], Qd{P[G/N]) C Q^i{K[G/N]). 
Hence there exist Ai,Bi,A2,B2 € K[G/N] such that AiiJ^j"^, ^2^^^ generate a 
noncommutative free group P-algebra inside Qci{K[G/N]) C K{{G/N; -<)). Con- 
sider the morphism of rings $: S{{G/N;a,f, -<)) -^ K{{G/N;~<)) constructed in 
ExamplelH Let Ai, Bi 6 S{{G/N; ct, f, -<)), i = 1,2, be good preimages of Ai, Bi as 
in Example [51 Hence, by Example [51 they generate a noncommutative free group 
P-algebra inside S{{G/N;a,f,^)). Observe that Ai,Bi S -f^[G], and therefore, 
this free group algebra is also inside K{G) by diagram (|3.5p . D 

Proof of Theorem [6l for ordered groups of Type 1. Suppose that (G, <) is a 
noncommutative ordered group of Type 1. 

Let X, y be positive elements of (G, <) such that [x,y] ^ 1. If z = min{a;, y} and 
(Nz,Hz) is the convex jump determined by z, then [x,y] G N^ since every convex 
jump is central. Moreover, neither x nor y belong to N^. 

Let {N,H) be the convex jump determined by [x,y]. Hence [x,y] E H \ N. 
Moreover, since H C Nz, neither x nor y belong to H. 

Let A be the subgroup of G generated by {x,y}, and let B = iV n ^. First 
observe that A/B ^^ G/N which proves that A/B is torsion free because G/N is 
an orderable group. Since [x,y] ^ N, A/B is not commutative. On the other hand 
A/{H r\A) is a nontrivial commutative group because [x,y] G H. Hence [A, A] C 
H n A. Therefore, since all convex jumps are central, [[A, ^],^] C N A — B. 
Therefore A/B is a torsion-free nilpotent group of index two. By Proposition [HI 
there exist noncommutative free group algebras over the prime subfield P oi K 
inside K{A) C K{G). Now Lemma [2] implies the result. D 

3.2. Ordered groups of Type 2. The strategy to prove Theorem[niin this case is 
to find a noncommutative free monoid inside ordered groups of type 2. The following 
key result provides a useful criterion for finding free monoids inside groups. It is 
[221 Corollary 2.5]. 

Lemma 10. A group G contains a free monoid on two generators if and only if 
there exist a nonempty subset A C G and elements a,b £ G such that aA U bA C A 
and a A D bA — $. In this case a, b generate a free monoid. D 

The following is a slight modification of |32l Lemma 4.16]. 

Lemma 11. Let r E M. with r>2or0<r<i. Let there be integers < ai < 



02 < • • • < a„ and < 6i < 62 < • • • < fe„i • If 



then n — m and (ai, . . . , a„) — [hi 



^a„ ^ ^61 



■ , bm) 



(3.6) 



Proof. First suppose that r > 2. We proceed by induction on the maximum number 
of summands in (|3.6p . If 1 = 71 > tti, the result is clear. If a„ ^ hm, suppose that 
On > bm (the other case is proved in the same way). Then r°" = X^I^li ^''' ~ 
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Eir^-- 


<Y::=^r'^<E';=or' 


r-1 — 



_zi < j-Kz _ 2. < r"" — 1, a contradiction. 
Thus Un = brn- Now wc Can apply induction to obtain the resuh. 

Suppose now that < ^ < r. If a„ > 6m, we multiply the expression by r^''" to 
obtain (r-i)0+(r-i)('^"-'^"-i)+- ■ .+(r-i)(«"-''i) = (r-i)(''"-'''")+. ■ .+(r-i)('»"-^i) 
and apply the case 2 < r^^. D 

The next lemma is basically proved in [32| Examples 4.19]. 

Lemma 12. Let (iJ, +) be a nontrivial additive sugroup of (M, +) and C = {x) an 
infinite cyclic group. Consider the semidirect product G = H 'aC where x acts on H 
by multiplication by r ^ R, where either 0<r<2 or r > 2. That is, xzx~^ = rz 
for all z G H. Let t G H \ {0}, then {tx,x} generate a free noncommutative 
submonoid of G. 

Proof. Let A be the subset of G defined by 

A = {(r"i H h r"")t ■ a;-'' I < ai < a2 < • ■ • < a„, fli e Z, n,j E N}. 

Observe that tx ■ (r"i + ■ ■ ■ + r°-")t ■ x^ = {t + a;(r"i + • • ■ + r"")a;"i) • x^+^ = 

(1 _^ j.ai+1 _^ \_ r'i,.+i)i . 2:^+1. On the other hand x ■ {r''^ H h r'''")t • a;' = 

x{r''^-\ hr'''")tx-i-x'+i = {r''^+'^^ hr^"+i)i-a;'+^ Thus teA C ^ and a;A C A. 

But by Lemma [TTl txA n xA = 0. Therefore, {ta;,x} generate a noncommutative 
free monoid by Lemma [TUl D 

Proof of Theorem [6] for ordered groups of Type 2. Let (G, <) be an ordered 
group of Type 2. Let {B, L) be a convex jump of (G, <) such that [L, G] ^ B. 

We want to find a noncommutative free monoid generated by two positive ele- 
ments of (G, <). For this it is enough to find two positive elements of {G/B, ^) 
that generate a noncommutative free submonoid of G/B. 

Set H — L/B which is an additive subgroup of (M, +). Since [L,G] ^ B and 
L <\ G, there exists x G G/B such that conjugation by x defines a nonidentity 
morphism of the ordered group H. Hence x acts on H as multiplication by a 
positive real number r ^ 1. Changing to a;" if necessary, we can suppose that 
either r>2or0<r< i. Clearly, if G is the infinite cyclic group generated by x, 
we obtain that the subgroup generated by H and G is a semidirect product 7? x G. 
Then by Lemma [T^] we obtain the free monoid of positive elemens inside G/B as 
desired. 

Now apply Lemma|3]to obtain a noncommutative free group algebra inside K{G). 

D 

3.3. Ordered groups of Type 3. The proof of Theorem [6] for ordered groups of 
type 3 follows directly from the following result and Lemma [3] Lemma [T3] was first 
proved in [2?! Lemma 8]. Our proof is based on the ordering on the group and 
exhibits the generators of the free monoid when the order is well known. 

Lemma 13. Let (G, <) be an ordered group with a convex subgroup C which is not 
normal in G, then G contains a noncommutative free monoid. 

Proof. First recall that for every a; G G, a;Gx~^ is a convex subgroup of (G, <). 
Thus, since the convex subgroups of (G, <) form a chain, there exists b £ G such 
that 6G6-1 g G. Indeed, if G £ xCx'^, then x'^Cx £ G. Notice that b ^ C, 
and if {Nb, Ht) is the convex jump determined by 6, G C iVf, gJ i/fc. Choose a G C, 
such that a ^ 5G6"^ and a>lif6>lora<lin case 6 < 1. Observe that for 
each n > 0, fe"+iG6-("+i) £ 6"G6-" and 6"a6-" e &"G6-" \ 5"+iG6-("+i). Let 
(A^Oj Hq) be the convex jump determined by a. Then Hq '^ G '^ Hb. For each n > I, 
let {Nn,Hn) be the convex jump determined by b^''ab~^. Then 6"a6^" G i/„ but 
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6"a6-" i Nn. Hence, by definition of H„+i and iV„, H^+i C 6"+iC6-("+i) C N,,. 
Therefore Hn+i ^ Hn for all n > 0. 

We claim that {a, 6} generate a noncommutative free monoid. Suppose that 
{a, 6} satisfy a positive word. We can suppose that 

a'H^mi . . .a"=^m. ^ fo'ifl'^^fc'^ • • •a'='6'' (3.7) 

with ?7ii, rii > 0, Ij, kj > for all i, j and rii > 1, h > 1. Then p.7p can be written 
as 






(3.8) 



Set / = ?i + • • • + ?t and m = mi + • • • + ms. Suppose that / < m. Then 
&"*-' G Ho by dSl]) because a"i G -ffo, &(™i+-+"')a"'+i6-('"i+-+™') e i^o for 
ah 1 < i < s - 1 and 6'i+-+'ja'=^+i6"('i+-+'^) £ iJo for ah 1 < j < t - 
1. This is a contradiction because 6™~' g -ffb \ -ffo- Analogously we obtain 
a contradiction if to < I. Suppose now that I =^ m. Then p.Sp shows that 
a"i e -ffi because &(™i+-+™.)a«.+i6-(™i+-+m,) e iJ^ for aU 1 < i < s - 1 and 
^iiH \-ija'^j+il)-ih^ hij) g ^^ f-Qp Q^\ 1 < j < i— 1- This is a contradiction because 
a"i eHo\Hi. 

Notice now that if a, 6 < 1 generate a free monoid, then 1 < a~^,&~^ and 
they also generate a free monoid. Therefore we can suppose that a, 6 are positive 
elements of (G, <) that generate a noncommutative free monoid. D 

3.4. Remarks. There are orderable groups G such that for each ordering < on G, 
[G, <) is of type 2, and moreover, each noncommutative finitely generated subgroup 
i? of G is also of type 2. For example each ordering < on B{1, 2) — {a, b \ bab~^ — 
a^} is of type 2, see for example [211 Section 4]. Then it is easy to prove that each 
noncommutative finitely generated subgroup is of type 2. Hence the argument to 
find a group algebra when (G, <) is of type 2 is necessary. 

Following [3] , let C denote the class of orderable groups in which every order is 
central i.e. of type 1, and let C2 be the class of orderable groups in which every 
order on every two-generator subgroup is central. Then C2 is not empty because 
the class of torsion- free locally nilpotent groups is in C2 [33] , and C2 £ C [3] . Hence 
the argument to find free group algebras when (G, <) is of type 1 is necessary for 
the elements in C2. Although every locally soluble group in C2 is locally nilpotent 
[3], there are finitely generated non- locally-soluble groups in C2 [1]. Also there are 
non-locally-soluble groups in C2 which are residually torsionfree nilpotent without 
noncommutative free subsemigroups [4]. 

It is known that there are orderable groups G such that every ordered group 
(G, <) has no normal convex subgroups (see for example [34j and the references 
there). We do not know whether there exists a group satisfying that every noncom- 
mutative finitely generated subgroup (or every two-generator subgroup) inherits 
this property. Hence it could happen that the argument for ordered groups of type 
3 is not necessary because some subgroup of G could be made into an ordered group 
of type 1 or 2. 

4. Some consequences 

Corollary 14. Let G be a noncommutative orderable group. Let K be a skew field, 
and let K[G] be the group ring over K. If D is any skew field of fractions of K[G] 
(it may not be the Malcev- Neumann skew field of fractions), then D contains a 
noncommutative free algebra over its center. 
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If, moreover, the center of D is uncountable, then D contains a noncommutative 
free group algebra over its center. 

Proof. If K[G] is not an Ore domain, it is well known that K[G] contains a free 
algebra over the prime subfield P oi K [T9j Proposition 10.25], and therefore D 
contains a noncommutative free algebra over the center of D by Lemma [21 

If K[G] is a right (or left) Ore domain, then D is the Ore field of fractions of 
i4r[G']. Fix a total order on G such that (G, <) is an ordered group. Then ^[G], and 
thus D, embeds in A'((G; <)). Hence D ~ K{G; <) contains a free group algebra 
by Theorem [6l 

By [ini Theorem] , if D has uncountable center Z and contains a noncommutative 
free algebra over Z, then it contains a noncommutative free group algebra over 
Z. D 

Now we show that in fact we have shown something stronger than Theorem |6l 

Corollary 15. Let (G, <) be an orderable group with G not in C2. Let K be a skew 
field and K[G;a,T] a crossed product group ring. Then K{G\ct,t) contains a free 
group algebra over its center. 

Proof. If (G, <) is of type 2 or 3, then we have shown in Section [321 and in Sec- 
tion [331 respectively, that G contains a noncommutative free monoid. 

If (G, <) is of type 1, but G ^ C2, then there exists a subgroup H oi G and 
a total order <' of H such that {H, <') is of type 1 or 2. Hence H contains a 
noncommutative free monoid. 

Now Lemma [21 implies the result. D 



We prove the next result with the techniques developed in Section lOI When 
G is a residually torsion- free nilpotent group. Proposition [T6l gives [Ml Theorem 5] 
whose original proof relied on [5^, Proposition 3.1]. 

Proposition 16. Let K be a commutative field of characteristic not 2, and let 
(G, <) be an ordered group. Let x,y be two noncommuting elements of G and H 
the subgroup of G that they generate. If there exists a subgroup N <\ H such that 
H/N is a noncommutative torsion-free nilpotent group, then, for any c,d ^ K\{0}, 
the subgroup ({1 -I- ex, 1 -I- dy}) of K[G) is a noncom,m,utative free group. 

Proof. Since H < G, K{H) C K{G). Thus we may suppose that iJ = G and 
N<\G. 

We borrow notation from Example [HI and Proposition [^1 

Let ao and /3o be the cosets of x and y, respectively, in G/N . As in Example [51 
fix a transversal {xa \ en € G/N} with xi = 1 and such that Xa^ — x and 2/^„ = y. 

Suppose that G/N is torsion-free nilpotent of class two. Fix a total order -< in 
G/N such that {G/N, -<) is an ordered group, and consider the group ring K[G/N]. 
Then, by JAj Proposition 20], {1-1- cao,l + d/3o} generate a free group inside 
QciiK[G/N]) C K{{G/N,-<)). Observe that 1 -h cap = 1 -Hex and 1 -I- d/3o = 1 -I- dy 
are good preimages of 1 -I- cuq, 1 -f d/3o inside S{{G/N; a, f, ^)) and generate a free 
group. Proceeding as in Proposition [9l one sees that the subgroup generated by 
{1 -I- ex, 1 -I- dy\ inside K(G) is a free group. 

Now observe that if G/N is torsion-free nilpotent of greater class, there exists 
M <l G, such that N <Z M and G/M is a torsion free nilpotent of class 2. Choosing 
an adequate transversal for G/M , the foregoing argument implies the result for 
K{G). D 
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